FANO-MORI CONTRACTIONS OF HIGH LENGTH ON 
PROJECTIVE VARIETIES WITH TERMINAL SINGULARITIES 



MARCO ANDREATTA AND LUCA TASIN 



Abstract. Let X be a projective variety with terminal singularities and let 
L be an ample Cartier divisor on X. 

We prove that if / is a birational contraction associated to an extremal ray 
R C NE{X) such that R.(Kx + (n - 2)L) < then / is a weighted blow-up 
of a smooth point. 

We then classify divisorial contractions associated to extremal rays R such 
that R.{Kx + rL) < 0, where r is a non-negative rational number, and the 
fibres of / have dimension less or equal to t + 1. 



1. Introduction 

Let X be a normal projective variety over C with at most terminal singularities 
and let n = dim X . 

We consider the Kleiman-Mori cone of X, NE{X), which is the closure of the cone 
generated by effective curves modulo numerical equivalence in 7Vi(X, R). By the 
famous Cone Theorem of Mori and Kawamata (see Theorem (3.7.1) in [KM98| ) 
the subcone NE{X)j^^^^ := {C e NE{X) : Kx-C < 0} is locally polyhedral. 
By the Contraction Theorem of Mori, Kawamata and Shokurov, to any extremal 
ray in NE{X) ^^^^^ is associated a map (contraction) f : X Z with connected 
fibres onto a normal projective variety Z, which contracts all curves in the ray (see 
Theorem (3.7.2) in IKMQSQ . 

Choose now a polarization of X, that is an ample Cartier divisor L on X . Let r be a 
non-negative rational number. One can consider the subcone NE{X)f^j^^_^_^j^^^Q C 

NE{X)^ ^Q. This cone is generated by a finite number of extremal rays (see 
Theorem (3.7.3) in |KM98j ). If r > n the cone is actually empty and if r approaches 
the cone fiUs up ah 7V£'(X)^^^o. 

In a previous paper f |Anllj ). the first author described all extremal rays contained 
in the cone NE{X)f^j^^^f^^_2'j^^^: this summarizes and generalizes a series of 
results, by many authors, of the so called Adjunction Theory (see also |BS95j ). 

The aim of the present paper is first to complete the description of the extremal 
rays R = M.~^[C] contained in the cone ^^'(-^)(/fx+(„_2)L)<o whose associated 
contractions are birational. In |Anll| it was simply proved that the associated 
contraction contracts a divisor to a smooth point, here we prove the following. 
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Theorem 1.1. Let X be a normal projective variety with at most terminal singu- 
larities and let L be an ample Cartier divisor on X. Let R be an extremal ray in 
N E{X)f^j^_^j^f^^_2^^^Q and let f : X ^ Z be its associated contraction. Assume 
that f is birational. Then f is a weighted blow-up of a smooth point with weight 
(1, 1, 6, . . . , 6), where b is a positive integer. 

Note that for n = 3 the Theorem follows from the results in |Anll| and the main 
Theorem in |Ka01| ; our proof is however independent of |Ka01| . 
The Theorem is proved by induction on n, starting with case n = 2, which is 
Castelnuovo contraction Theorem for (— l)-curves on a (smooth) surface. The in- 
ductive step is achieved by the usual procedure of Adjunction Theory (the so called 
Horizontal slicing described in Theorem 12. 3p . once one has a good divisor in the 
linear system \L\. The existence of such a divisor, i.e. a divisor which has at most 
terminal singularities, is proved in the paper jAW93) . 

Secondly we will insert the above Theorem in a more general statement regarding 
a ray R = M.~^[C] contained in the cone NE{X)^j^^_^^^_^q, with r > 0, whose 
associated contraction is divisorial (i.e. it is birational with exceptional locus a 
divisor) with all fibres of dimension less or equal to r + 1. That is we prove the 
following Theorem, which is a generalization of Theorem 4.9 in |KM92j (see also 
Theorem 3.2 in jAnQSQ . 

Theorem 1.2. Let X be a normal projective variety with at most terminal singu- 
larities and let L be an ample Cartier divisor on X. Let R be an extremal ray in 
NE{X)f^j^^^^^^f^ where r E Q, r > 0, and let f : X ^ Z be its associated con- 
traction. Assume that f is divisorial and that all (nontrivial) fibres have dimension 
less or equal to r + 1. Let E be the exceptional locus and C :~ f{E) C Z . 
Then there is a closed subset S <Z Z of codimension al least 3 such that Z' = Z — S 
and C = C — S are smooth and /' : X' = X — f~^{S) Z' is a weighted blow-up 
along C with weight a = (1, 1, 6 . . . , 6, 0, . . . , 0), where the number of b 's is [rj . 
Let /' be a a -weighted ideal for Z' C X' (see Definitions \3.1\ and \ 3.2\) and let 
i : Z' ^ Z be the inclusion; let also I := i*{I') and be the m-th symbolic 

power of I (see Definition \3.8\) . 
™enX = Proj;,e„>o /('"). 

2. Contractions 

In this section we recall some pertinent definitions and results which are used in 
the sequel. Our language is compatible with that of }KM98| . 

We denote by NE{X) the Kleiman-Mori cone of X, i.e. the closure of the cone 
generated by effective curves modulo numerical equivalence in A^i {X, R) . Let H be 
a Q-Cartier divisor on X, we denote by NE^X)^^^^ the subcone {C G NE{X) : 
H.C < 0}. 

A contraction is a surjective morphism, f : Y T, between normal varieties and 
with with connected fibres. 

If dim Y > dim T the contraction is said to be of fibre type, otherwise it is birational. 
The set E = {y G Y : f is not an isomorphism at y} is the exceptional locus of /. 
If / is birational and S = dim Y — 1 then it is also called a divisorial contraction; 
if / is birational and S < dimY — 2 then it is called a small contraction. For a 
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contraction f -.Y ^ T a. Q-Cartier divisor H such that H = 'P*{A) for some ample 
Q-Cartier divisor on T is cahed a supporting divisor for the contraction. 

Mori theory studies special type of contractions associated to extremal rays in the 
negative part of the Kleiman-Mori cone. 

Theorem 2.1 (Contraction theorem), (see Theorem 3.7 (3) in jKM98| ) Let X he 

a variety with log-terminal singularities and let R C NE{X)j^^^q be an extremal 
ray. 

Then there exists a unique projective morphism (p : X W onto a normal projec- 
tive variety W which is characterised by the following properties 

i) For any irreducible curve C C X , ip{C) is a point if and only if [C] G R, 

ii) (p has connected fibres. 

We will call such contraction the Fano-Mori (F-M) contraction associated to R; 
note that —Kx is (/3-amplc. 

In studying the contraction associated to an extremal ray R it makes sense to fix 
a fibre and understand the contraction locally, i.e. restricting to an affine neigh- 
bourhood of the image of the fixed fibre. The complete contraction can then be 
obtained by gluing different local descriptions. 

For this we use the local set-up developed by Andreatta-Wisniewski, see |AW93) . 
Roughly summarizing, let / : y — )■ T be a contraction; fix a fibre F of / and take 
an open affine Z C T such that f{F) G S and dim/~^(s) < dimF, for z ^ Z. Let 
X — f~^Z then f : X ^ Z will be called a local contraction around F. If there is 
no need to specify fixed fibres then we will simply say that / : X — > Z is a local 
contraction. In particular Z = Spec{H'^{X,Ox)). 

Let L be an ample Cartier divisor and let R C NE{X)^j^^_^^^^q, for r > 0. 
Consider the associated contraction and a fibre F of it; let us pass to the local set 
up, i.e. let (p : X —T- Z he the local contraction around F associated to R. Then L 
is assumed to be simply <p-ample. 
We can define the nef value of the pair {X, L) as 

t{X, L) inf{< eR: Kx+tLis ip-nci]. 

By the rationality theorem of Kawamata (Theorem 3.5 in jKM98] ). t{X,L) is a 
rational non-negative number. 

The assumption R C NE{X)f^j^^_^_^^^f^ implies that t > r. 

Moreover note that the Q-Cartier divisor Kx + tL is a supporting divisor of ip. 

The following are two Bertini type theorems. 

Theorem 2.2 f |AW93j . Lemma 2.5). (Vertical slicing) Let p : X ^ Z be a local 
contraction supported by Kx + tL, with r > —I + £7(1^3) and e a sufficiently small 
positive rational number. Assume that X has LT singularities and let h be a general 
function on Z. Let Xh = 'P*{h) then the singularities of Xh are not worse than 
those of X and any section of L on Xh extends to X . 

Theorem 2.3 { |AW93j . Lemma 2.6). (Horizontal slicing) Let ip : X ^ Z be a local 
contraction around {F} supported by Ixx+tL. Let Hi £ \L\ be generic divisors and 
Xk = t^iHi be a scheme theoretic intersection; assume that dim = n — k > and 
that (t — k) > 0; note that since X^ is a complete intersection it is (J-Gorenstein, 
i.e. Kxk is Q-Cartier. 
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i) Let </5|A'fc ^ 9 ° be the Stein factorisation of ^p\Xk • -^k Z ; then ipk '■ 
Xk —?' Zk is a proper morphism with connected fibres, around {FC\{C\\Hiy\ , 
supported by Kxk + (''' ~ ^)-^\Xk '^'^^ Zk is affine. In particular, if Xk is 
normal then ipk is a local contraction. 

Assume that X has LT singularities and, if e is a sufficiently small positive rational 
number, that r > e^{ip) and fc < r + 1 — e"/{ip). 

ii) Outside of Bsl\L\ Xk has singularities which are of the same type of the 
ones of X and any section of L on Xk extends to a section of L on X . 

Wc have a lower bound for the dimension of a fibre of a F-M contraction. 

Theorem 2.4 f |An95| . Theorem 2.1). Let (p : X ^ Z be a local contraction around 
F, supported by Kx + tL. 
Then dimF > (r - 1). 

// moreover Lp is birational then dimi^ > r. 

The foUowing base point free theorem is the main technical tool of the paper. 

Theorem 2.5 ( jAW93| ). Let ip : X ^ Z be a local contraction around {F} sup- 
ported by Kx + tL. 

If dim F < T + 1 then L is ip-very ample. 

If if is birational and dimi<" < r + 1 then L is ip-very ample 

3. Weighted blow-ups 

In the first part of this section we recall the definition of weighted blow-up along a 
smooth subvariety. Our notation is compatible with that of Section 10 in |KM92| 
and of Section 3 in |Ha09j . 

Let X = A" = Spec C[xi, . . . ,Xn] and Z = {xi = . . . = Xk = 0} c X . Let 
a = (ai, . . . , Ofc, 0, . . . , 0) G N" such that > and gcd(ai, . . . , Ofc) = 1. Let 
M = lcm(ai, . . . , Ok). We denote with P(ai, . . . , Ok) the weighted projective space 
with weight (ai, . . . , Ok)- 
Consider the rational map 

A"^P(ai,...,afc) 
given by (xi, . ..,Xn)^ {x^^ ■■■■■■ xl"). 

Definition 3.1. The weighted blow-up of X along Z with weight a, X, is defined 
as the closure in A" x P(ai, . . . , Ok) of the graph of (p, together with the morphism 
TT : X ^ X given by the projection on the first factor. 

The map tt is birational and contracts an exceptional irreducible divisor E to Z . 
Moreover ME is a Cartier divisor and for any point z <E Z we have tt^^{z) = 
V{ai,...,ak). 

Let (yi : . . . : yk) be homogeneous coordinates on P(ai, . . . , a^). For any 1 < i < k 
consider the open affine subset Ui = X D {yi ^ 0} and the morphism h : A" := 
Spec C[a;i, . . . , x„] — ?> Ui given by 

/— — \ / — — ai —ai — — flfc — — — -I — \ 

yXi , . . . , Xn } I r t^XiXj , . . . , , . . . , XkX^ , Xk-\-l , • • • , Xji , X\, . . . , L, . . . , Xk) • 
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This map passes to the quotient giving the following isomorphism. 

Ui ^ Spec C[xi,...,x„]/Za;(-ai,...,l,...,-afc,0,...,0) 
= Spec C[xi,...,S„]/Za.(-ai,...,l,...,-afc) x A""''. 
In the affine set Ui, E is defined by {xi = 0}. 

We define the function 

(T-wt : C[a;i , . . . , x„] — ?> N 

as follows. On a monomial M = x'l^ . . .a;*" we put CT-wt(A/) :~ X^iLi SiUf, for a 
general / = aiMi, where a/ G C and Mi are monomials, we set 

(T-wt := min{cr-wt(A//) : a/ 7^ 0}. 
Definition 3.2. The cr-weighted ideal / is defined as: 

k 

I = {g e C[xi, . . . , Xn] : cr-wt(5) > M} = {xl^ ■ ■ ■ x^" : ^ s^Qj > M). 

i=i 

Proposition 3.3. The weighted blow-up of X = A" along Z = {xi = . . . = Xfc = 0} 

with weight a, tt : X ^ X defined above, is the blow-up of X along the ideal I . 
That is 

Proof. Since —ME is an ample Cartier divisor, by (8.8.1.3) of |EGA Ilj . we have 
that 

X = Pi-oi^n^Ox{-dME). 

d>0 

Therefore the Proposition follows from the next two lemmata. 

Lemma 3.4. Let tt : X ^ X = A" be as in Proposition \3.3\ Then 

TT^Ox{-dE) = {g e C[xi, .■■,Xn] : a-wt{g) > d}. 

Proof. As E is effective we have that J := 71^,0 x{—dE) C C[xi, . . . , a;„] is an ideal. 
A polynomial g{xi, . . . ,x„) is an element of J if and only if for any 1 < i < fc 
we have that g{xi, . . . , Xn) G T{Ui,Ox{—dE)). Since E in the affine set Ui is 
defined by {xi = 0} the Lemma follows noting that xf\g{xi, . . . , Xn) if and only if 
cr-wt(g) > d. □ 

Lemma 3.5. Let tt : X ^ X = A" be as in Proposition \ 3. 3\ Then 
TT^Oxi-dME) = TT,Ox{~MEf, 

that is 

I'^ = {g e C[xi, . . .,Xn] : (T-wt{g) > d}. 

Proof. We prove that for every d > 1 the natural map 

TT^Ox{-{d-l)ME)(^7t^Ox{-ME) n^Oxi-dME) 

is surjectivc, the Lemma follows then straightforward. 

The proof of this fact will be by induction on d, c? = 1 being obvious. 
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By Lemma 13.41 we have the following explict description: 

k 

TT,Ox{-dME) = (xf ■ • • x^" : ^ s^a^ > dM). 

An element g = ' ' ' ^tr G TT^,Ox{—dME) is a tensor product of an element 
h = •■•a;^" G TT^Oxi-ME) with an element in 7r*Ojf(-((i - l)]^"^;) if the 
following claim is true. 

Claim 3.6. Given (ai, . . . , a^-, . . . , 0), (si, . . . , s„) G N", wit/i > 0, and d an 
integer with d > 2, let M = lcm{ai, . . . ,ak). Assume that X]j=i^j% — dM , 
then there exists S N" such that X]j=i ^ '^^^ — *i /"'^ 

1 < j < ?^• 

We prove the claim again by induction, this time on i = where / ~ {sj : Sj > 
0, 1 < j < k}. For fc + 1 < j < 71 wc simply set tj := sj. 

If i = 1 it's trivial, so suppose i > 1. If there is 1 < j < z such that SjUj > M then 
wc are again easily done. Otherwise we have that X)i=i i^j ^i'^i ^ {d — 1)M; the 
result follows then by induction. □ 

□ 

Lemma 3.7. Let n : X ^ X be the weighted blow-up of X ^ A" along Z = {xi = 
. . . = Xk = 0} with weight a = (1, 1, 6 . . . , 6, 0, . . . , 0) (where the number of b 's is 
k ^2). Then X has at most terminal singularities. 

Proof. By the above description of the open subsets Ui C X wc must show that a 
cyclic quotient singularity of type — l,b — 1, 1, 0, . . . , 0) is terminal. By Reid's 
Criterium [ jRe87| . Thm. 4.11] this correspond to check that 

^{b-k + b-k + k}>l for fc= l,...,fe-l, 

which is obvious. 

We now define the symbolic powers of an ideal and we check that cr-weighted ideals 
behave well respect to symbolic powers. 

Definition 3.8. Given an ideal / C i? in a Noetherian ring R, the i-th symbolic 
power I*^*) of / for t e N is defined as the restriction of /*i?s to R, where S is 
the complement of the union of the minimal associated primes of / and Rs is the 
localization of R at the multiplicative system S. 

If / is a prime ideal the definition is for instance in Exercise 4.13 of |AM69| . Note 
that by definition /* C /'■*•', but in general the inclusion might be strict. 

Lemma 3.9. Let a ~ (ai, . . . , Ofe, . . . , 0) S N" such that Oi > and gcd{ai, . . . , Uk) = 
1; let M — lcm{ai, . . . , Ofe). Consider the a -weighted ideal 

I ^ {g E C[xi, . . . , Xn] '■ (y-wt{g) > M} C R = C[xi, . . . , a;„]. 

For any t E N we have /* = I*-*^ . 
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Proof. We will use the fact that if/, .g G R then cr-wt(/.g) = a-wt{f) + cr-wt(g). 
We start showing that / is primary: ii fg E I then o'-wt(/) > 1 or (T-wt(g) > 1 and 
hence g / or e / for m big enough. Then the only prime associate to / is 
its radical ideal r(/), which is r(/) = (xi, . . . ,Xk) since there is always a power of 
Xi in / for 1 < i < k. 

Let now S = R~ r(/). By Proposition 3.11 in |AM69j we have = Uses(-f* ■ ■s)- 
Using Lemma 13.51 and the fact that cr-wt(s) = we have that for any s € S 

(/* : s) {g e i? : CT-wt(5s) > t} = /*. 

□ 

The above definition of weighted blow-up is a local one; how to extend it to a global 
definition is a delicate matter. Let a = (ai, . . . ,ak) G N" such that > and 
gcd(ai, . . . ,afc) = 1; let M = lcm(ai, . . . ,afc). 

Definition 3.10. Let X be a variety and Z a smooth subvariety of codimension k 
in the regular locus of X. A weighted blow-up of X along Z with weight a is the 
blow-up 

TT-.X^Pvoix^l" 

d>0 

along an ideal sheaf / on X such that there is an atlas on X such that at every 
point of X there are coordinates Xi, . . . ,Xn in this atlas for which Z is defined by 
Xi,...,Xk and I = {g E C[xi,. . . ,x„] : cr-wt(g) > M}. 
We call / a a-weighted ideal for Z in X. 

Remark 3.11. Let Z C X he a smooth subvariety of codimension k in the regular 
locus of a variety X; let also a = (oi, . . . , Ofe, 0, . . . , 0) be a weight. The question 
about the existence of a a-weighted ideal for Z in X, and therefore of a weighted 
blow-up of X along Z with weight a, is not clear. In general it seems a difficult 
problem to find sufficient conditions for having a positive answer. On the other 
side, for instance, if Z C P" is a complete intersection then for any weight a there 
exists a weighted blow-up along Z with weight a. 

4. Proof of the main theorems 
We start proving Theorem ll.il 

We can assume that f : X ^ Z is a local F-M contraction supported by Kx + tL, 
where r is the nef value of the pair (X, L), a positive rational number greater than 
(n — 2). Let F be a component of a nontrivial fibre Fi = f^^{p)- Bv 12.41 we see 
that dimi^ > t > n — 2, so / is the contraction of an irreducible divisor £' to a 
point p. 

Since / is a iiTx-negative contraction, Z is terminal and Q-factorial (see |KM981 
Corollary 3.43]). Proposition 3.6 of jAnllj says that p is smooth. For reader's 
convenience let us repeat the proof, by induction on n > 2. li n = 2, X is smooth 
and in this case we can apply the Castelnuovo contraction Theorem which says that 
/ is the contraction of a (— l)-curve. Let n > 3 and pick a general member X' £ 
\L\: by Theorem 12.51 and Bertini theorem it has terminal Q-factorial singularities. 
Consider the restricted morphism /' := f^x' ■ X' — > Z'; by Theorem 12.31 it is a 
divisorial contraction supported by Kx' + (''' — l)L\x'- By inductive assumption 
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p e Z' is smooth and by Lemma [Me97| Lemma 1.7] we conclude that p G Z is 
smooth. 

Moreover Li = f<,L is a Carticr divisor and we may write L — f*Li — bE where b 
is a positive integer. 

If n = 2, E' is the exceptional curve and we have 

= (Kx + tL).E = {Kx - TbE).C = -1 + r6, 

hence t = 1/6. 

By induction we get the formula 

Kx= r{Kz) + {{n-2)b+l)E. 

Let X' G \L\ be, as above, a general element with terminal singularities. We have 
proved that Z and Z' = f*{X') are smooth at p. Since / is local we can assume 
that Z = A" = Spec C[a:i, . . . , a;„], where xi, . . . , x„ are local coordinates for p, and 
that f,{X') ^ {x„ = 0}. 

Note that Ox{—bE) is a /-ample invertible sheaf and that the map / is proper; so, 
by (8.8.1.3) of |EGA Ilj . we know that 

where /d -.^ f,{Ox{-dbE)). 

By Proposition 13 . 31 X will be the weighted blow-up we are looking for if 

n 

Id — {x\^ ■ ■ ■ a;^" -.31+32+ ^ > db). 

3=3 

Consider the exact sequence 

^ Ox{-L - dbE) Oxi-dbE) Ox'{-dbE) 0. 

Note that 

-L - dbE -{d - l)bE f Kx + {n - 2 + d - I + 
and hence, by the Relative Kawamata-Viehweg Vanishing, we have 

^ f^Ox{-{d-l)bE) f,Ox{-dbE) ^ f,Ox'{-dbE) 0. 
By induction on n 

n-l 

,UOx'{-dbE) ^ (xf • • • ■■3i + 32 + Y^ b3j > db) 

where 3j G N. We do an induction also on d > 0, so we can assume that 

n 

f.Ox{-{d - l)bE) = (.Tf + S2 + ^ b3, >{d- 1)6), 

3=3 

the case d = being trivial. We have to prove that for any monomial g = x^^ ■ ■ ■ x^" , 
g G f^Oxi-dbE) if and only if 

n 

Si + S2 + ^ b3j > db; 

3=3 

the non-monomial case follows then immediately. 



FANO-MORI CONTRACTIONS OF HIGH LENGTH 



9 



If s„ > 1 then g comes from f^,Ox{-'{d — l)dE) by the multiphcation by Xn and so 

n 

Si + S2 + ^ Sjb > db. 
Otherwise the image of g in f^Ox'{—bdE) satisfies 

si + S2 + ^ Sjb > db 

3=3 

and we are done. 

Note that by Lemma 13.71 a blow-up of this type has terminal singularities and so 
all these cases are indeed possible. 

The proof of Theorem 11.21 needs some preliminary lemmata. 

Let R be an extremal ray in NE{X)f^j^^_^^j^^Q-^ where r is non-negative rational 
number and let / ; X — > Z be its associated contraction. 

We assume that / is a divisorial contraction to a subvariety C d Z such that any 
fibre of / has dimension less or equal to r -I- 1 . 

Since / is elementary, i.e. it contracts a single ray, we know that the exceptional 
divisor E is irreducible. 

We now fix a nontrivial fibre F and, using the notation developed in section [5J we 
assume that f : X Z is a local contraction around F, supported by Kx + tL, 
where r is the nef value. By Theorem 12.41 we have that dimF > r > r. 
The following is the local version of Theorem 11.21 around a generic fibre. 

Lemma 4.1. Let f : X Z be a local contraction around F supported by Kx+tL, 
where X is terminal Q-factorial, L is an ample Cartier divisor, t > r £ Q, r > 
0, and f is birational contracting a divisor E to a subvariety C G Z. Assume 
that any nontrivial fibre of f has dimension less or equal to r + I and let F be a 
generic fibre. Then f{F) is a smooth point and, possibly shrinking Z to a smaller 
affne neighbourhood of f{F) and choosing appropriate coordinates, C — {xi = 
... = x\j.^_^.2 = 0} C C" = Z and f is a weighted blow-up along C with weight 
(1, 1, 6, . . . , 6, . . . , 0), where b is a positive integer and the number of b 's is [rj . 

Proof. Let us denote for brevity r' := [rJ G Z. By the assumption dim_F = ?*' + 1 
and therefore dimC = n — r' — 2. 

For j = 1, . . . , n — r' — 2 let C X be a nontrivial divisor defined as Xj := f*{hj), 
where hj is a general function on Z as in Theorem 12.21 Setting X" = 0^=1^^^ 
we have that /" :— f\x" is a local contraction supported by Kx" + tLx" , it is 
birational, it contracts a divisor to a point and t > r' = dimX" — 2. By Theorem 
11.11 /" is a weighted blow-up of a smooth point with weight (1,1,6,..., 6), where b 
is a positive integer. Therefore Z" = /" {X") is smooth; since Z" is an intersection 
of Cartier divisors in Z wc conclude that we may assume Z smooth, Z = C". 

The proof is by induction on the dimension of F, i.e. on dimF = r' + 1; for this 
we will apply a horizontal slicing argument as in Theorem 12. 31 
The first step is dimi^ = 1. Since X has at most terminal singularities, which are 
in codimension 3, the general fibre is contained in the smooth locus oi X . Therefore 
X is a smooth blow-up (see for instance Corollary 4.11 in |AW93| ) : i.e. / is the 
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blow-up of C = {xi = X2 ~ 0} C Z with with weights (1, 1, . . . , 0); in particular 
we have that 

Kx = riKz) + E. 

We now deal with the general case, dimF = r' + 1 > 2. Let X' g \L\ be general; 
by Theorem 12.51 it has terminal Q-factorial singularities. Consider the contraction 
/' : X' — !■ Z'; it is a divisorial contraction supported by Kx' + (''' — ^)L\x' 

with fibres of dimension equal to r'. We have already proved that we may assume 
Z = C" and that Z' is smooth, therefore, by induction, we may assume C = {xi = 
. . . = Xr'+2 = 0} C Z' ^ {xr'+2 = 0} and that /' is the smooth blow-up along C. 

Let Li be the Cartier divisor we have L = f*Li — bE for a positive integer b 
and bE is a Cartier divisor. 

By horizontal slicing and by induction on r' we get the general formulae 

Kx = f*{Kz) + {r'b + l)E and r^r' + \. 

b 

Since Ox{—bE) is a /-ample invcrtible sheaf we have 

X = Projo^ ®d>oId, 

where /d := f40x{-dbE)). 

The inductive step is now like the one of Theorem ll.il by Proposition 13 . 31 we need 
to prove that 

r'+2 

Id = {xl' ■ • • x^" : Si + .S2 + ^ Sjb > db). 

J=3 

Consider the exact sequence 

^ Oxi-L - dbE) Ox{-dbE) Ox'{-dbE) 0. 

Note that 

~L ~~dbE^f Kx + {r' + (d - 1) + i)L 
and hence, by the Relative Kawamata-Viehweg Vanishing, we have 

^ f*Oxi-{d - l)bE) f,Oxi-dbE) ^ f,Ox'{-dbE) ^ 0. 
By induction on r' wc have 

r' + l 

f.Ox'{-dbE) = {xl' ■ ■ ■ a^r'+t ■S1+S2 + J2 ^ ^b) 

3=3 

where sj G N. By induction on d > 0, we can assume that 

r'+2 

UOx{-{d - l)hE) = {x{' ...xtr -.8^+82 + Y. ^ - 1)^)' 
being the case d = trivial. 

Wc have to prove that for any monomial g = • • • x^", g € f^,Ox{—dbE) if and 
only if 

r'+2 

Si + S2 + ^ Sjb > db, 

3=3 
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the non-monomial case will follow immediately. 

If Sr'+2 > 1 then g comes from f^,Ox{—{d — l)dE) by the multiplication by Xr'+2 
and so 

r'+2 

Si + S2 + ^ Sjb > db, 
otherwise the image of g in f^:Ox'{~bdE) satisfies 

r' + l 

Si + S2 + ^ s.jh > db 

and we are done. 

□ 

We recall, without proof, two basic observations. 

Lemma 4.2. Let X be a normal variety, S d X a closed subset of codimension 
at least 2 and i : X' = X — S ^ X the inclusion. Consider an ideal sheaf on X' , 
I' C Ox' o,nd let I := i^I' C Ox; I is the maximum ideal sheaf of Ox such that 

= I' ■ Suppose also that for any t £ N we have /'* = J'*-*). 
Then 

Lemma 4.3. Let f : U ^ V a proper morphism. Let S d V be a closed subset 
such that the codimension of f^^{S) in U is everywhere at least two. Let T be a 
sheaf that satisfies Serre's condition S2 (e.g. U is normal and is reflexive). Then 
f^T ~ i^(^f^T\Y_s), where i -.V — S is the injection. 

We are now ready to prove Theorem 11.21 we proceed as in [ |KM92| Theorem 4.9]. 
By Lemma 14.11 C — f{E) is a subvariety such that C n Sing(Z) C C; moreover 
since Z has terminal singularities its singular locus has codimension at least three. 
Therefore we can find a codimension three closed subset S C Z such that Z' ~ Z~S 
is smooth and f^^{S) has codimension at least two in X. Moreover by Lemma |4TT] 
X' = X ~ f~^{S) is a weighted blow-up of Z' along C = C — S with weight 
(1,1,&,...,6,0,...,0) gN". 

Let /' be an associate weighted ideal for Z' in X' and set / = where i : Z' ^ 

Z is the inclusion. 

By |EGA Ilj we have that X = Projj^ 0„j>o f*C>x{—mbE), so we have to prove 
that 

f,Oxhm,bE) = 
This is clear from the next three equalities: 

f40x{-mbE))^z' = (/iz')", 
which follows from Lemma 13.51 

which follows from Lemma using the fact proved in Lemma [531 that (/|z')™ ^ 



i.if*{Ox{-mbE))\z') = f^Oxi-mbE)). 
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which follows from Lemma l4!3l 
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